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Abstract

Conjugate gradient methods have come a long way in solving system of equations and large
scaled optimization problems. In this paper, a hybrid conjugate gradient method which incor-
porates the DY update parameter and herein constructed conjugate gradient solver that uses
Dai-Liao conjugacy conditions is proposed for nonlinear unconstrained optimization problems.
It is shown that this proposed method possesses descent search direction at every iteration and
thereby converges globally under standard Wolfe line search conditions. Proofs of its robustness
and efficiency were demonstrated through numerical tests and application to mode function
when compared with other known optimization conjugate gradient algorithms.
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1 Introduction

Optimization problems are decision making problems and are found in diverse fields, espe-
cially in theoretical and applied fields like engineering, economics, social sciences etc. Most of
these optimization problems are convertible to unconstrained optimization problems. The Ma-
jority of known optimization algorithms require a lot of memory to store and calculate matrices
involved. These optimization algorithms fail to solve large scale optimization problems as a re-
sult of this requirement. On the other hand conjugate gradient methods generate search direction
without storing matrices, hence do not require large memory thereby provide a very easy, robust
and efficient scheme for the solution of large-scale unconstrained optimization problems. This
work seeks an efficient and robust scheme to solve nonlinear unconstrained optimization prob-
lems:

min{f(z):x € R"}, (1)

provided, f is smooth.

The following iteration,
.’Ek+1:1'k+04kdk, k:Oa]~;27"'a (2)

is used in the conjugate gradient algorithm scheme required, where oy, > 0 is a step-length found
from a line search scheme with the direction d;, given by

— —90, Zf k= 0,
= { —gr + Brdr_1, otherwise. 3)

Br € Rin (3) is a formula called CG coefficient or update parameter while gy, is the derivative of f
at zj. It should be noted that (2) and (3) with CG coefficient is called CG method. Different CG
methods arise as a result of carefully constructed 5.

Several authors and researchers have made numerous contributions in this area of research.
These contributions spanning many decades saw to the emergence of the well known classical
conjugate gradient methods. These classical methods were formed from the following CG coeffi-
cients.

HS _ _9ayr—1
k i yk—1’
FR _ _llgel?
k lgr-117’
PRP _ 9pUk—1
B T (4)
LS _ —9kyr—1
k dr_igk—1’
BDY — llgell®
k d{,lyk—l :

Convergence of any conjugate gradient method depends on the following conditions known as
Wolfe line search conditions

f(xr) — f(og + ardy) > —Sargl d, (5)
and

g(zy, + ardy) dy > oglds, (6)
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or
\9(xk + ardy) di| < —ogl dy, (7)
for0<d<o <.

Since the introduction of classical CG methods, a number of drawbacks were noticed to be as-
sociated with these methods. For instance: LS method [22] is known to have better computation
but has poor convergence rate. FR method [12] which happens to have better convergence prop-
erty fails to converge for certain values of . In the case of PRP method [26] which was believed
to have better computation, cycles without converging under exact line search. HS method [16]
which is believed to have good computation like PRP method has issues with search direction.
As a result of deficiency associated with global convergence of these methods, Dai and Yuan [8]
introduced a method called DY with an update parameter that satisfies the following requirement:

—||gx|® + Brgf di—1 < 0,

with the assumption that 85, > 0. A parameter 7, was defined as,

o ol
Bre

So also by letting 7, = d}_,yx—1, the following update parameter was proposed.

|lgx|I?
dz_lyk—l

Br =

DY method converges globally under weak Wolfe line search conditions (5) and (6), but has the
same deficiency like FR method under conditions (5) and (7) known as strong Wolfe line search
conditions. In order to reduce or remove these deficiencies, a new wave of CG methods is being
considered, namely hybrid CG methods. A number of authors have proposed hybrid methods
to solve (1). For instance, Hafaidia et al. [13] introduced a hybrid method for (1). In a different
twist, a monotone operator equation was solved by a hybrid method proposed by Kumam et al.
[19]. Ayinde et al. in [29] constructed a compound update parameter from which a number of
hybrid methods can be formed.

The evolution of hybrid CG algorithms started in 1990, with the introduction of the update
parameter

Br = min{BE , BEEPY,

by Touati-Ahmed and Storey [31] with the aim of eliminating the deficiency associated with FR
method and to combine the good numerical performance of the PRP method and the nice global
convergence property of the FR method. In 2001, Dai and Yuan [8] followed suit in like manner
by proposing two hybrid CG methods that use the following update parameters:

ﬂk’ = max{ - CBkDYamin{ﬂ]fSa ﬂkDY}}a

and

B = mam{O,min{b’fS, B,?Y}}.

The two methods combined the global convergence of DY CG method with the computation
strength of HS CG method because it is known that HS CG method behaves like PRP CG method
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in practical computation. Moreover,the same denomination that formulas 8 and 8" have cou-
pled with other reasons like restart strategy and search direction issue also influenced their choice
of these methods. The aforementioned hybrid CG methods belong to a class that is based on pro-
jection concept. Another promising category is the class that is based on linear combination of
known CG methods. Some of the methods in this class include: [3] where DY method was in-
corporated by using DL approach, [17] with the introduction of a hybrid method with a search
direction that is a linear combination of LS and conjugate descent (CD) update parameters and
[33] that presented a non-negative CG method that modified PRP to give

Tollge—all =~
AMZR _ 9 ( Tgell Ik k1)
k = Mgk=1ll T ’
Tonll (9—19%-1)

Another prominent method among the class of hybrid CG methods that is based on linear com-
bination is the one proposed by Dai and Liao [7]. They ensured that the conjugacy condition,

di ye—1 = —tgj sp—1, (8)

holds, if the line search is inexact and came up with a hybrid CG methods that use

T
ﬂ;?L_ ]f{s_ 19, Sk—1
= ——,
dk_1yk—1

and

tgr sk—1
DL+ HS k
=maz{0, B> — ————}
k 7 dgfﬂyk—l

b

where ¢ € [0, 00). B2"" was proposed to ensure global convergence of their method.

Further to this, Cheng et al. [6] added the second term of DL method to

T
MLS _ Yk Y1
k - y
*d£_19k—1
to propose a method that satisfied sufficient descent condition; Hager and Zhang [14] made a

special modification to DL method by using a particular ¢ given by

lyk—1]]?

t=2 ,
Sf_lykq

In similar manner, Babaie-Kafaki and Ghanbari [5] made their modification to DL method by
constructing two different values for parameter ¢ namely:

spye vl
ty = k2D 4
P lskl12 T [lskl]
and
o Ll
I[sk]]

Yabe and Takano [32] made further development to DL method with different modifications of
the secant equations. Another efficient DL-type methods was developed and considered in [23]
where different technique was used. Li et al. [21] introduced new conjugacy for the solution

of (1).
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Following the performance of Dai-Liao method (DL method) and the global convergence
property of DY method, we construct a hybrid CG method that incorporates DY update param-
eter adapted from Dai-Liao conjugacy condition thereby enhancing the global convergence and
all other nice properties inherited from DY and DL CG methods. The update parameter for our
method is constructed in section 2 with the inclusion of algorithm for the method. Section 3 dis-
cusses both the descent and convergence properties of the new method. We showcase the nu-
merical strength of our method by testing it with other known methods in section 4. Section 5
compares our method with other methods in the application to mode function. Conclusion of this
work is given in section 6.

2 New Hybrid CG Method and its Algorithm

2.1 Proposed update parameter.

The proposed method starts with the search direction

di = gk + Brdi—1. )
Pre-multiply (9) by yx—1
dfyk—1 = gL yk—1 + Brdi_1Yk—1. (10)
(10),
_ diyr—1 + gf gk — gr—1) 1
Bk’ - a7 ) ( )
k—1Yk—1
or
diyk—1 + lgrll* — g gk
k—1Yk—1
Using (8), Equation (12) becomes
—tgp sk—1 + |lgrll* — g8 gr—
ﬁk — k pis || l k ; (13)
k—1Yk—1
that is
tgi sk—1 + i Gk—1
DY k k
= - ) 14
P = Bi d£71yk—1 (19
The following conjugate coefficient is proposed
t(gk sk—1 + gf gr—1)
15 = ppy - Mk T Bu0ec), (15
k—1Yk—1

We achieve the best result when ¢ multiplies the numerator of the second term in equation (15).
Procedure (2) - (3) with 8{¥ is called AS CG method.

A number of authors find reasons to focus on the values of ¢t because different values of ¢ result
in different computation experience. Hagar and Zhang [15] computed values of ¢ for arbitrary k-th
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iteration. To some authors like Babaie-Kafaki [4], constant setting of ¢ by trial and error style gives
encouraging computation results. In this work, we use the same approach taken in [7]. ¢t = 0.1
gives the best result for the computation experiment performed here.

The following are typical for update parameter.
Sk—1 = Th — Th—1, (16)
and
Sg—1 = Op—1dg—1. (17)
The following relation also suffices for a constant R > 0. See [30].

R|sp—1|* < ap—1df_yyr—1 > L|sp—1]|*- (18)

2.2 Algorithm for the method

Step 1: With the initial point zp € R”, we set k = 0 and dy = —go. If ||gx|| < e where € > 0 stop.
Step 2: Find oy, > 0 by conditions (5) and (7).

Step 3: Let x;41 = % + ardy, generate gy, if ||gx|| < ¢, then stop.

Step 4: Compute ;' from (15), generate dj, by (3).

Step 5: Put k = k + 1 and go to step 2.

3 Descent and Convergence Properties

The following assumptions are required to establish the descent and convergence properties
of the optimization algorithm proposed.

3.1 Assumptions

1. The set
U= {z|f(x) < f(y)}, (19)

with y € R™ is bounded, that is, we can find a constant D where

2| < D. (20)

2. Given a neighborhood W of U, f is continuous and differentiable in W and its gradient g(z)
with Lipschitz constant L satisfies Lipschitz continuity

lg(z) = g(w)I| < Lz —yl|, (21)

for any z,y € W. In addition,

llg(@)]] < e, (22)

forany z € W.
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Theorem 3.1. Let assumption 3.1 hold. Suppose that oy, is computed by (5) and (7) for the CG method
AS. Then, dy, satisfies
gk i < —cllgel*, (23)

for each k > 0 and constant c.

Proof. For k = 0, from step 1 of Algorithm 2.2, we have
di 90 = ~llgol*, (24)
the result follows. Also, pre multiply (9) by gi and replacing 3j, with 3%,
di gk = ~llgxl1* + B gkt di—1. (25)
Let 8% = 0, then
dicgr = ~llgxl[* + B g dr—1 = ~[lgxl[* < 0. (26)
Furthermore, we always assume that 31 # 0. Therefore,

gl — t(g{ sk—1 + gi_191)

di, gi = —|lgkl|* + ( a7y )i dye—1- (27)
k—1Jk—1
From (7),
|9k k1| < —ogi_1dr—1, o € (0,1]. (28)
Since yx—1 = gr — gk—1, the denominator in (27) becomes
di_1yk—1 = gr di—1 — gi_1di1. (29)
Whereby,
di_yyr—1 < |gi dr—1| = gy di—1. (30)
By (28),
di_yyp—1 < —0gi_dr—1 — gi_ydr—1. (31)
That is,
di—yyk—1 < —(1+0)gi_1di1. (32)
Hence,
L. < g+ (WM 2 90t)y e (33)

_(1 + U)g]{_ldkfl

gkl > = t(gf sk—1 + gi_19%)

digr < —||gxl? : 34
Since t > 0 is the requirement, then
g < —llgnl + (1210, (35)
- (1+o0)
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Hence,
dign < ~llgnlP + T Nl (36)
Therefore,
o < (=)l (37)
This is the required result. O

We next consider results on global convergence for the new method.

Lemma 3.1. Given Equation (2) with descent direction dy,, let Assumption 3.1 be satisfied where oy, also
satisfies the Wolfe conditions in (5) and (7), then

0 4
3 Hgkll2 < 0. (38)
2 ld ]

Proof. The proof of Lemma 3.3 is in [34]. O

Theorem 3.2. Let Assumption 3.1 hold. Suppose that oy, is computed by (5) and (7) for the CG method
AS. Then,

lim inf ||gg|| = 0. (39)
k—o0

Proof. The result is shown by contradiction. This implies that

llgkll > c1 ¥ k. (40)
See [30].
2 _tglsp_1 —tgrgp_
B;’fsz 1Al gz;isk 1 i 9k L (41)
dk_lyk71
2 T LT
BAS < l|gw|| +t91125k—1 tgkgk_l_ (42)
dk-_lyk—l
By (18), we have
2 —
BAS < g ll” 4 t]grllllsk—1]| f||9k||||gk—1|\_ (43)

ag1|ldi-1]?
Then,

llgr!l(llgx — tge—1ll) + tllgxll|sk—1]|
B < . 44
¢ a1l ()

From Equations (16) and (21), we have
gk — gr—1ll < Ll[sk—1]l,

which implies

L
lgr — tgr—1l| < ;||5k71||7 (45)
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with the value of ¢ as stated above. Hence, (44) becomes

il | CElsr—1]l) + tlgrlllsk—1]]

BAS < 46
‘ ol |2 (16)
By (17),
lgell (5 + 1Dl W)
e s ag—1|ldr-1l? ’
_ lanlics + ax1) )
a1l 1]
Hence,
Hng( + ag-1t)
lldkll < lgxll + 7 ||dg—1]]. (49)
k—1|dr—1]]
That is,
(£ + ap_1t)
ldel] < (14 S g (50)
o L+ 2ak,1(f + ap_1t) + (L + ag_1t)?
lldi||* < (=2 L - L )gwll?, (51)
k-1
dul? (O‘i—1+20¢k—1( L tap_1t)+H(E+oy— 1t)2) 3
H kH4 < ak i , (52>
llgrl| &1
B 0F_q + 2001 (& 4+ apo1t) + (2 + ap_1t)? (53)
C%O‘%—l
Hence,
loell* oty | -
ldell> = a2_; + 2001 (% + ap—1t) + (£ + ap_1t)?
(54) implies
Z ||9k|| C%O‘%—l — o (55)
||dlc||2 T (02 4201 (R onoit) + (B 4 apot)?

This is a contradiction as a result of ||gx|| > ¢i. Hence, (39) is satisfied and the result follows. See
Theorem 5.8 [30] O

4 Numerical Test and Analysis

In this section, we consider both the numerical results of our method against other methods in
the literature and the explanation of the numerical tests conducted.
41 Numerical results

This subsection examines the numerical experiment to test the proposed method with DY, FW
[11], LS and DL methods. Test functions are taken from Andrei [1]. All algorithms are coded
using MATLAB 2015a with compiler settings on windows 10 operating system and RAM 3GB.
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Numerical results are determined under the algorithm code using the settings 6 = 0.0001 and
o = 0.9 for all the methods. The iteration terminates if ||gy|| < 10~ or the number of iterations
exceeds 4000. The following abbreviations are used on the Table 1 and Table 2: EU: Extended
Hilmmelblau; DL4: Diagonal 4; RN1: Raydan 1; RN2: Raydan 2; DL1: Diagonal 1; DC: DQOR-
TIC; RSE: RMODF SINE; EDB: Extended Booth; EBK: Extended Rosenbrock and ANB: ARGLINB.
Moreover, ITN, GN, CPT and FV represent number of iterations, gradient norm, CPU time and
Function evaluation respectively in the tables.

Numerical Tests are conducted based on the four metrics namely CPU time, function evalua-
tion, number of iterations and gradient norm to establish robustness, effectiveness and strength
of AS method with other known methods FW , DY, DL and LS. Table 1 and Table 2 represent the
results generated from the experiments. On these tables, Problems, Dimensions and failure of
a method to solve a particular problem are represented by prob., Dim. and F respectively. This
work considered dimensions 2, 100, 1000, 10000 and 100000 for the experiments.

Dolan and More [9] tools were used to plot the graphs representing the four metrics used. The
tools are stated as follow: Provided set S of p; methods are to be tested depending on the given
set P of n, test functions. The following performance ratio

Tp.s
L= ) 56
TP min{rps:s € Sandp € P} (56)

gives the comparison between different methods where 7, s can either be any one of the four met-

rics to compare methods S for each problem P. Hence, the following probability function
1

os(T) = n—\p € P:logrys| <7 (57)

is the overall evaluation of the performance of the methods where 7 > 0. The probability ¢,(7)

is that r, s is contained in the factor 7 > 1 in connection to the method s. Therefore, ¢4(7) is

the probability that a particular solver will perform better than other solvers for the value 7 = 1.
When r; = r,, ; for some value 7, it implies the failure of a selected solver to solve a problem.

4.2 Numerical analysis

Graphical representations of the results recorded in Table 1 and Table 2 are presented in Fig-
ure 1-Figure 4 wherein the numerical strength of the five solvers were compared. This comparison
was based on the four metrics highlighted above. In Figure 1 where the number of iterations was
represented, AS method led other methods in term of performance. Figure 2 showcased function
evaluation and AS method led other methods as well in term of performance. In Figure 3, the tools
compared these methods in term of CPU time, AS method performed better than other methods
which implies that it solves problems faster than others. Lastly, in the area of gradient norm given
in Figure 4, our method competes favorably well with other methods compared.

Table 1: Numerical result of number of iterations and gradient norm.

s/n  Prob. Dim. DY FW AS LS DL
ITN/GN ITN/GN ITN/GN ITN/GN ITN/GN
1 DL4 2 21/8.78E-07  83/9.96E-07 16/1.98E-08 25/8.07E-07  35/1.96E-07
2 100 24/7.01E-07  96/8.97E-07 16/1.40E-07 29/2.67E-07  21/8.42E-08
3 1000 25/7.46E-07  104/8.7E-07  16/4.43E-07 29/8.46E-07  32/2.80E-07
4 10000 27/4.60E-07  112/8.4E-07 18/1.59E-08  31/5.79E-07  26/1.36E-07
5 100000 28/8.41E-07  120/8.2E-07  18/5.04E-08  33/3.96E-07  55/9.06E-07
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6 EU 2 123/8.44E-07 45/7.34E-07  61/3.32E-07  54/7.88E-07 F/F

7 100 133/9.83E-07 49/8.51E-07  61/8.45E-07  58/3.72E-07 F/F

8 1000  142/4.44E-07 52/3.95E-07  61/9.69E-07  60/3.05E-07 F/F

9 10000 145/6.67E-07  55/1.83E-07  62/3.26E-07  60/9.69E-07  50/1.98E-07
10 100000 155/8.51E-07 57/5.64E-07  63/3.24E-07  64/8.03E-07 70/F

11 RN1 2 6/0.00E+00  4000/0.139E  31/1.39E-01  4000/0.149E  19/7.93E-07
12 100 1/4.74E-120  1/4.74E-120  1/4.74E-120  1/4.74E-120  1/4.74E-120
13 1000 1/0.00E+00  1/0.00E+00  1/0.00E4+00  1/0.00E+00  1/0.00E+400
14 10000  1/0.00E+00  1/0.00E4+00  1/0.00E+00  1/0.00E4+00  1/0.00E+00
15 100000 1/0.00E4+00  1/0.00E+00  1/0.00E4+00  1/0.00E+00  1/0.00E+400
16 RN2 2 24/6.52E-07 6/8.51E-08 13/8.44E-07 9/4.65E-08 6/5.27E-07
17 100 27/8.80E-07 6/6.02E-07 14/9.26E-07 9/3.29E-07 7/4.16E-10
18 1000 29/8.35E-07 7/6.47E-09 15/4.46E-07  10/1.92E-08 7/1.31E-09
19 10000  31/7.93E-07 7/2.04E-08 16/1.79E-07  10/6.06E-08 7/4.16E-09
20 100000 33/7.53E-07 7/6.47E-08 16/5.66E-07  10/1.92E-07  11/7.51E-08
21 DL1 2 29/9.58E-07 5/1.16E-10 5/1.16E-10 21/4.78E-07 7/4.75E-09
22 100 29/9.58E-07 5/1.16E-10 5/1.16E-10 21/4.78E-07 7/4.75E-09
23 1000 29/9.58E-07 5/1.16E-10 5/1.16E-10 21/4.78E-07 7/4.75E-09
24 10000  29/9.58E-07 5/1.16E-10 5/1.16E-10 21/4.78E-07 7/4.75E-09
25 100000 29/9.58E-07 5/1.16E-10 5/1.16E-10 21/4.78E-07  123/9.3E-07
26 DC 2 50/6.65E-07  27/6.47E-07  24/6.76E-07  11/2.40E+08  45/7.59E-07
27 100 143/8.15E-07  64/8.80E-07  124/6.6E-07  128/7.17E-07  135/8.1E-07
28 1000  213/9.96E-07 79/9.20E-07  110/5.9E-07  85/8.39E-07  141/9.1E-07
29 10000 227/6.72E-07 87/6.59E-07  86/8.70E-07  133/6.17E-07  107/9.9E-07
30 100000 114/8.29E-07 93/8.39E-07  73/9.25E-07  149/6.7E-07  118/6.9E-07
31 RSE 2 20/5.28E-07  47/8.62E-07  18/9.33E-07  59/8.09E-07 7/9.08E-10
32 100 22/8.70E-07  54/8.14E-07  21/6.23E-07  67/9.60E-07 7/6.42E-09
33 1000 24/6.41E-07  58/8.14E-07  22/8.93E-07  72/9.95E-07 7/2.03E-08
34 10000  26/4.73E-07  62/8.15E-07  24/5.84E-07  78/8.24E-07 7/6.42E-08
35 100000 27/797E-07  66/8.15E-07  25/8.41E-07  83/8.54E-07  141/9.6E-07
36 EDB 2 27/8.62E-07  27/8.62E-07  22/8.28E-07  28/4.85E-07  28/4.73E-07
37 100 30/9.74E-07  30/9.74E-07  23/3.86E-07  29/9.45E-07 F/F

38 1000 32/6.55E-07  32/6.55E-07  25/6.90E-07  35/3.95E-07 F/F

39 10000  34/9.83E-07  34/9.83E-07  27/5.80E-07  36/4.29E-07  32/9.81E-07
40 100000 37/9.09E-07  36/9.09E-07  30/9.59E-07  36/8.63E-07  23/7.45E-07
41 EBK 2 596/F 272/5.4E-07  192/7.8E-07  1327/9.5E-07 F/F

42 100 633/F 132/6.5E-07  103/4.0E-07  929/7.63E+09 F/F

43 1000 F/F 93/6.53E-07  115/3.5E-07  231/2.68E+10 F/F

44 10000 445/1.18E+10 347/6.8E-07 168/4.56E-07 4000/1.31E+406 F/F

45 100000 413/2.50E+08 394/2.1E-07 132/4.74E-07 866/3.10E+09 11/F

46 ANB 2 2/2.98E-15 2/2.98E-15 2/6.91E-07 53/8.04E-07 2/2.98E-15
47 100 1/1.18E+11 1/1.18E+11 1/1.18E+11 1/1.18E+11 1/1.18E+11
48 1000 1/3.30E+17  1/3.30E+17  1/3.30E+17  1/3.30E+17  1/3.30E+17
49 10000  1/9.06E+23 1/9.06E+23 1/9.06E+23  1/9.06E+23  1/9.06E+23
50 100000 1/2.45E+30  1/245E+30  1/2.45E+30 1/245E+30  1/2.45E+30
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Table 2: Numerical result of CPU time and function evaluation.
s/n  Prob. Dim. DY FW AS LS DL
CPT/FV CPT/FV CPT/FV CPT/FV CPT/FV

1 DL4 2 0.189/124 0.817/673 0.131/152 0.292/723 0.595E/847

2 100 0.212/139 0.903/777 0.142/154 0.309/819 0.266/450

3 1000 0.238/144 0.982/841 0.242/154 0.39/818 0.518/633
4 10000 0.453/154 1.967/905 0.481/174 1.23/863 0.85/411

5 100000  2.037/159 12.579/969 2.09/174 10.943/906 9.546/698

6 EU 2 1.108/1029 0.384/326 0.524/625 0.617/1180 F/F

7 100 1.151/1112 0.496/355 0.571/625 0.738/1256 F/F

8 1000 1.359/1186 0.569/378 0.711/625 0.828/1290 F/F

9 10000 3.121/1210 1.272/400 1.875/729 2.702/1278 1.208/410
10 100000 23.621/1293 7.191/416 13.876/839 15.018/836 12.549/686
11 RN1 2 0.061/61 42.993/219613 0.28/111 44.59 /215681 0.188/39
12 100 0.01/3 0.013/3 0.009/3 0.01/3 0.011/3
13 1000 0.013/3 0.012/3 0.009/3 0.011/3 0.011/3
14 10000 0.013/3 0.016/3 0.013/3 0.015/3 0.017/3
15 100000 0.038/3 0.046/3 0.039/3 0.044/3 0.056/3
16 RN2 2 0.203/49 0.056/13 0.108/27 0.096/19 0.064/13
17 100 0.224/55 0.055/13 0.116/29 0.092/19 0.07/15
18 1000 0.253/59 0.067/15 0.133/31 0.105/21 0.073/15
19 10000 0.372/63 0.101/15 0.197/33 0.147/21 0.113/15
20 100000 1.18/67 0.273/15 0.583/33 0.429/25 0.483/23
21 DL1 2 0.416/59 0.078/11 0.072/11 0.281/43 0.094/15
22 100 0.455/59 0.073/11 0.071/11 0.279/43 0.082/15
23 1000 0.396/59 0.075/11 0.074/11 0.358/43 0.092/15
24 10000 0.444/59 0.076/11 0.073/11 0.308/43 0.093/15
25 100000 0.779/59 0.162/11 0.13/11 0.55/43 3.145/247
26 DC 2 0.434/515 0.254/261 0.233/233 0.119/109 0.451/451
27 100 1.257/1424 0.605/578 1.145/1120 1.405/2815 1.413/1317
28 1000 2.116/2118 0.809/699 1.059/1020 0.955/2165 1.54/1342
29 10000 4.319/2179 1.64/774 1.554/865 4.79/3362 2.233/1030
30 100000 13.406/1124 10.577/830 7.858/654 43.145/3932  14.003/1167
31 RSE 2 0.176/41 0.492/95 0.147/37 0.481/119 0.078/15
32 100 0.18/45 0.544/109 0.178/43 0.591/135 0.076/15
33 1000 0.202/49 0.55/117 0.236/45 0.602/145 0.077/15
34 10000 0.295/53 0.881/125 0.312/49 1.109/157 0.108/15
35 100000 1.339/55 2.678/133 1.01/51 3.361/167 5.897/283
36 EDB 2 0.245/131 0.246/131 0.207/105 0.332/406 0.292/151
37 100 0.365/146 0.297/146 0.209/111 0.362/412 F/F

38 1000 0.386/155 0.309/155 0.238/120 0.469/490 F/F

39 10000 0.87/164 0.524/164 0.477/130 1.041/496 0.566/164
40 100000 2.952/174 2.9/174 2.324/143 7.982/494 2.324/130
41 EBK 2 5.807/15642 2.46/2636 1.815/2885 14.834 /28707 F/F

42 100 6.429/16701 1.166/1295 1.026/1607 10.505/18135 F/F

43 1000 F/F 0.903/919 1.182/1763 3.004/4464 F/F

44 10000 15.642/11057  7.191/3543 4.477/2711 141.314/83276 F/F
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45 100000 124.289/10168 49.66/3822 27.064/2118  219.95/16748 2.153/159
46 ANB 2 0.027/15 0.03/15 0.092/71 0.608/1220 0.03/10

47 100 0.015/40 0.011/40 0.012/40 0.016/40 0.014/40
48 1000 0.018/60 0.019/60 0.014/60 0.017 60 0.016/60
49 10000 0.069/80 0.059/80 0.057/80 0.071/80 0.073/80
50 100000  0.504/100 0.62/100 0.507/100 0.619/100 0.639 100
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5 Application to Mode Function

Conjugate gradient methods have proved to be efficient in solving large scale optimization
problems arising from image restoration [20], signal processing [19], motion control [20], robotic
[2], portfolio selection problems [24 ] and others in that direction. In statistics nonparametric prob-
lem, the mode of a probability density function (p.d.f) represents the distribution’s peak and it is
crucial for understanding the central tendency of any distribution. This finds real-world applica-
tions in decision-making problems. For instance in Transportation, Business etc. Estimating the
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mode of a p.d.f which can be determined for both independent and dependent data has taken a
center stage over the years in theoretical and applied Statistics. A considerable number of authors
have worked on determining this central tendency. Consult Sager [27] for a comprehensive his-
torical survey. Parzen [25] estimated the unconditional mode in the independent and identically
distributed case. Eddy [10] investigated the optimium kernel estimator of the mode for a distri-
bution.

This section looks at the problem of finding the mode for a multivariate and unimodal proba-
bility density function f having its support in R™ taken into consideration the independent and
identically distributed standard normal random variables {1/;}?_; with common probability den-
sity function f. Authors like Konakov [18] worked on the asymptotic normality of the mode of
multidimensional distribution. Samanta [28] on the other hand, discussed the nonparametric es-
timation of the mode of a mutivariate density. Others have investigated problems of this kind.
Define density function f with unique mode ¢ by

f@t) =maz{f(z) :x € R"}. (58)

Let the random variable  be the kernel estimator of ¢ and f,,(z) the kernel estimator of f(x), with
t representing the maximizer of f, () such that

f(t) = max{f.(x) : x € R"}, (59)

where

TﬁZ

The sequence {b,, } of positive real number which approaches zero as n approaches infinity is called
the bandwidth while P is a p.d.f on R". This simulation chooses between standard Guaussian
kernel given by

(60)

__1 15~ o
and Epanechnikov kernel defined by
3 n n

i=1

Meanwhile, the basic problem in kernel smoothing techniques is the selection of the bandwidth
{bn}. Hence, for this simulation, cross-validation technique method is used in choosing the op-
timal bandwidth. In this work, DY, FW, AS and DL algorithms are employed to solve problem
(58) under standard Wolfe line search scheme. It is obvious from Table 3 that AS CG algorithm
performed better than DY, FW and DL CG algorithms in term of number of iterations and CPU
time in solving problem (58).
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Table 3: Numerical result of Algorithms DL, FW, DY and AS for solving problem (50).

Dim. DL FW DY AS
Epanechnikov: Initial point (0.05,...,0.05) ITN/CPT ITN/CPT ITN/CPT ITN/CPT
8 18/1.535 20/2.328 22/0.844 15/1.200
10 15/0.239 14/0.390 16/1.728 12/0.210
12 6/0.388 8/0.235 10/0.203 5/0.350
14 5/0.187 6/0.256 9/0.384 4/0.170
16 9/0.231 7/0.453 8/0.391 7/0.200
20 3/0.525 4/0.656 6/0.782 2/0.480
40 1/0.390 2/0.782 5/0.656 1/ 0.360
113 4/1.812 3/0.391 7/0.453 3/ 1.500
Gaussian: Initial point (0.1, ...,0.1) ITN/CPT ITN/CPT ITN/CPT ITN/CPT
160 6/16.466 7/87.000 10/228.180  5/14.500
170 5/12.066 9/33.000 8/99.080 4/11.000
190 14/45.551 6/20.000 7/69.830 12/40.000
180 14/46.782 4/19.000 6/60.440 11/38.000
270 4/30.020 1/28.000 5/204.830 3/28.000
290 24/162.810  3/13.000 4/109.750  8/150.000
320 12/127.570  2/15.000 3/155.180 10/120.000
340 9/107.190 5/10.000 2/111.310  7/100.000
Gaussian: Initial point (-0.9, ..., -0.9) ITN/CPT ITN/CPT ITN/CPT ITN/CPT
26 36/2.656 106/8.867 975/67.547  30/2.400
32 86/8.969 44/4.360 86/8.983 40/8.200
37 51/7.469  112/14.891  57/7.777 45/7.000
40 11/1.922 80/11.133  85/12.175 9/1.800
48 64/13.343 206/42.625 84/17.657  55/12.000
50 10/2.203 37/8.251 54/12.171 8/2.000
58 4/1.031 8/2.750 43/15.047 3/0.950
60 14/10.968  31/10.000 13/4.266 12/9.800

6 Conclusions

This work constructed a new CG update parameter based on the conjugacy condition pre-
sented in the work of Dai-Liao [7]. The resulting update parameter embeds DY-update parameter.
Our method is better than the existing methods compared because the global convergence prop-
erty of DY method was enhanced. It also has some Hessian matrix information inherited from DL
method. Consequently, the numerical ability of our method compared with other methods in the
literature showed that it is promising. Furthermore, the practical application of our method was
showcased in the area of nonparametric estimation of mode function.
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